Let K be a number field and φ ∈ K(z) a rational function. Let S be the set of all archimedean places of K and all non-archimedean places associated to the prime ideals of bad reduction for φ. We prove an upper bound for length of finite orbits of φ in P 1 (K) depending only on cardinality of S and the class number of the ring of S -integers.
Introduction
Let K be a number field and R its ring of integers. With every rational function φ ∈ K(z) we associate in the canonical way a rational map Φ : P 1 → P 1 defined over K. For every point P ∈ P 1 (K) we call its forward orbit under Φ (or simply orbit) the set O Φ (P) = {Φ n (P) | n ∈ N}, where Φ n is the n-th iterate of Φ. If O Φ (P) is a finite set one says that P is a pre-periodic point for Φ. This definition is due to the following fact: if O Φ (P) is finite then there exist two integers n, m ∈ N (m 0) such that Φ n (P) = Φ n+m (P). In this case one says that Φ n (P) is a periodic point for Φ. If m is the smallest positive integer with the above property, then one says that m is the period of P. If P is a periodic point then its orbit is called a cycle.
It is easy to see that every polynomial in Z[x] has cycles in Z of length at most 2 and every finite orbit has cardinality at most 6. Fixed a finite set S of valuations of K, containing all the archimedean ones, Narckiewicz in [7] has shown that if Φ is a monic polynomial with coefficients in the ring of S -integers R S (see the definition at the beginning of the section 1), then the length of its cycles in K is bounded by a constant B(R S ) = C |S |(|S |+2) , for an absolute constant C. Note that the bound depends only on the cardinality of S . The value of B(R S ) has been diminished by Pezda in [9] . Indeed, from [9, Teorem 1], we obtain as corollary that
From Narkiewicz and Pezda's result [8, Theorem 1], using (1) and the Evertse's bound [4] for number of S -unit solutions to linear equations in three variables, we obtain that the length of a finite orbit in K for a monic polynomial with coefficients in R S is bounded by
R. Benedetto has recently obtained a much stronger bound for polynomial maps. He proved in [1] that if φ ∈ K[z] is a polynomial of degree d ≥ 2 which has bad reduction in s primes of K, then the number of preperiodic points of φ is at most O(s log s). The big-O constant is essentially (d 2 − 2d + 2)/ log d for large s. Benedetto's proof relies on a detailed analysis of p-adic Julia sets.
In the present paper we will generalize to rational maps the Narkiewicz and Pezda's result [8] obtained for polynomial maps. We will study the same semigroup of rational maps studied in [2] , namely: we fix an arbitrary finite set S of places of K containing all archimedean ones and consider the rational maps with good reduction outside S . We recall the definition of good reduction for a rational map at a prime ideal p (for the details see [6] or [2] ): a rational map Φ : P 1 → P 1 , defined over K, has good reduction at a prime ideal p if there exists a rational mapΦ : P 1 → P 1 , defined over K(p) such that deg Φ = degΦ and the following diagram
is commutative, where˜is the reduction modulo p. Note that, from this definition, a rational maps on P 1 (K) associated to a polynomial in K[z] has good reduction outside S if and only if its coefficients are S -integers and its leading coefficient is a S -unit.
In this paper we prove: 
As in [8] in this proof we use two non-elementary facts; the first is [5, Corollary B] where Morton and Silverman proved a bound for the cardinality of a cycle: if Φ is a rational map of degree ≥ 2 which has bad reduction only at t prime ideals of K and P ∈ P 1 (K) is a periodic point with minimal period n, then the inequality
holds. The second one is the S -unit equation Theorem in three variables.
If R S is a P.I.D., Theorem 1 gives a uniform upper bound which depends only on the cardinality of S . In particular in P 1 (Q) for every rational map Φ one has an upper bound for the length of the finite orbits in P 1 (Q) depending only on the number of primes of bad reduction for Φ.
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Proof of Theorem 1
In all the present paper we will use the following notation:
R the ring of integers of K; p a prime ideal of R, p 0; v p the p-adic valuation on R corresponding to the prime ideal p (we always assume v p to be normalized so that
S a fixed finite set of places of K of cardinality s including all archimedean ones.
: y 2 ∈ P 1 (K) and p a prime ideal of R. Using the notation of [6] we will denote by
the p-adic logarithmic distance between the points P 1 , P 2 ; note that δ p (P 1 , P 2 ) is independent of the choice of the homogeneous coordinates, i.e. it is well defined. We will use the two following propositions contained in [6] :
for all P, Q ∈ P 1 (K) and all prime ideals p of good reduction for Φ.
With (Q −m , . . . , Q 0 , . . . , Q n−1 ) we always represent a finite orbit for a rational map Ψ in which the 0-th term Q 0 is a n-th periodic point for Ψ. Moreover, for all indexes i ≥ −m, Q i+1 = Ψ(Q i ) holds, bearing in mind that Q n = Q 0 . We will use the following remark which is a direct consequence of the previous two propositions.
finite orbit for a rational map Ψ with good reduction outside S ; then for all integers
Proof. It is a direct application of the triangle's inequality (Proposition 1) and Proposition 2. In fact the b-th iterate of Ψ has good reduction at every prime ideal p S , therefore
Since we study orbit lengths for rational maps with good reduction outside S , without loss of generality we can enlarge S ⊂ S such that R S is a P.I.D.. Indeed each rational map which has good reduction outside S has good reduction outside every set of places which contains S . From a simple inductive argument it results that it is possible to choose S such that |S| ≤ s + h S − 1, where h S is the class number of R S . By the unique factorization in R S we can adopt the convention that the ordered couple (x i , y i ) always represents coprime S-integral homogeneous coordinates for every point P i ∈ P 1 (K). Thus for all prime ideals p S and points P 1 , P 2 ∈ P 1 (K) the logarithmic distance (4) becomes
Proof of Theorem 1. The bound (2) holds for finite orbit length for all rational maps of degree 1, i.e. automorphisms of P 1 (K). Indeed every pre-periodic point for a bijection is a periodic point. Thus we have to study only the cycle lengths. If a point of P 1 (K) is a periodic point for an automorphism Ψ ∈ PGL 2 (K), with period n ≥ 3, then Ψ n is the identity map of P 1 (K). The order of an element of PGL 2 (K) is bounded by 2
Now we consider rational maps of degree ≥ 2 with good reduction outside S . As it has been observed, we consider the enlarged set of places S; so from unique factorization in R S it follows that PGL 2 (R S ) acts transitively on P 1 (K).
We begin by reducing to the case when (P −m , . . . , P −1 , P 0 ) is an orbit for a rational map Φ with good reduction outside S such that Φ(P 0 ) = P 0 = [0 : 1]. Let (Q −m , . . . , Q −1 , Q 0 , . . . , Q n−1 ) be a finite orbit, for a rational map Ψ : P 1 → P 1 defined over K with good reduction outside S, including (Q 0 , . . . , Q n−1 ) as a cycle for Ψ. We can associate a finite orbit in which the cycle consists of one single point (i.e. a fixed point). Indeed, the tuple (Q − ⌊ m n ⌋ n , . . . , Q −n , Q O ) is an orbit for Ψ n and Q 0 is a fixed point. If A is an element of PGL 2 
is an orbit for AΨ n A −1 . Therefore if we find a bound b for the cardinality of orbits of type (P −m , . . . , P −1 , P 0 ), where P 0 is a fixed point, then the bound c(s, h S ) can be chosen bigger than b + 1 multiplied by the upper bound for the length of a cycle provided by (3). Now let us search for such a bound b. Let (P −m , . . . , P −1 , P 0 )
be a finite orbit for a rational map Φ with degree ≥ 2, good reduction outside S and such that Φ(P 0 ) = P 0 = [0 : 1].
Lemma 1.
Let P l−k , . . . , P l−1 , P l be distinct points of the orbit (7) such that for every prime ideal p S
Proof. Recall that by convention for every index j the ordered couple (x j , y j ) denotes coprime S-integral homogeneous coordinates for the point P j ; since P 0 = [0 : 1], condition (8) is equivalent to the following identities between principal ideals x l−i R S = x l R S for all indexes 0 ≤ i ≤ k; so condition (8) is equivalent to the existence, for each index 0
Hence it follows that for every prime ideal p S and for each index
Moreover we can apply Remark 1 to the orbit (P −m , . . . , P −1 , P 0 ) with a = l−i, b = i − j and k = (m + 1), where m is the maximum integer such that l − i + m(i − j) < 0; since P n = P 0 for all n ≥ 0 it follows that
By the last inequality, (8) and (11) we have that
From (10) P l−i = [x l : y l−i /u l−i ] for every index i ∈ {0, . . . , k} and by (5) and (12) 
holds for all distinct indexes i, j ∈ {0, . . . , k}. In particular, either k ∈ {0, 1} or we have a system of three equations
The first one is obtained from (13) substituting j = 0 and i = 1 and the two other ones with j = 0, j = 1 and i an arbitrary index k ≥ i ≥ 2 (recall that u l = 1). We obtain from (14) the following linear relation:
By the S-unit equation Theorem, for every index k ≥ i ≥ 2, there are only finitely many possibilities for u l−i,l /u l−1,l and from (14) it follows that
By Evertse's result [3] , the number of S-unit solutions (u, v) ∈ R * S × R * S to the equation u + v = 1 is at most 3 · 7 4|S| . Hence the set of points
The next step is to show that the number of points P −i of (7) such that x −i R S x −i+1 R S is finite and depends only on |S|. We need to prove two lemmas.
We say that a S-integer T is representable in two essentially different ways as sum of two S-units if there exist Proof. Let T ∈ R S /{0} be written as T = u 1 + u 2 = v 1 + v 2 which satisfies the condition in (15). Therefore the left term of equation
has no vanishing subsums. Using the Evertse's bound [4] for the number of non degenerated solutions (w 1 , w 2 , w 3 ) ∈ (R * S ) 3 to the equation X 1 + X 2 + X 3 = 1, we obtain that the principal ideal
has at most 2 1031·|S| possibilities.
Remark 2.
The previous lemma states that the set of principal ideals of R S generated by an S-integer that is representable, in two essentially different ways, as sum of two S-units, has cardinality bounded by 2 1031·|S| . Thus we can choose a set T of S-integers, with cardinality at most 2 1031·|S| , such that every S-integer with the property (15) is representable as uT , where u ∈ R * S and T ∈ T. Lemma 3. If there exist five distinct points P n 5 = [x n 5 : y n 5 ], P n 4 = [x n 4 : y n 4 ], P n 3 = [x n 3 : y n 3 ], P n 2 = [x n 2 : y n 2 ], P n 1 = [x n 1 : y n 1 ] of the orbit (7) , with n 5 < n 4 < n 3 < n 2 < n 1 < 0, such that
for every index 1 ≤ i ≤ 4, then x 1 /x 2 is an S-integer that is representable, in two essentially different ways, as sum of two S-units.
Proof. Since Φ(P 0 ) = P 0 = [0 : 1], from Proposition 2, considering Φ n i −n j , P = P n j and Q = P 0 , it follows that x j |x i in R S for all couple of integers j ≥ i. Therefore there exist four non zero T 1 , T 2 , T 3 , T 4 ∈ R S \ R * S such that x n i = T i x n i+1 for all i ∈ {1, 2, 3, 4}.
Thus for every couple of distinct indexes 1 ≤ i < j ≤ 5
By Remark 1 we have that
for a suitable integer m; so it follows that (x n j y n i − x n i y n j )|x n j and by identity (17)
Hence we obtain
where v i ∈ R * S for all indexes 1 ≤ i ≤ 10. From (18), (20) and (19) we obtain
From (23), (18) and (22) we obtain
From (25), (18) and (24) we obtain
Now we finish to proving that among (28), (29), (30) there exist at least two distinct representation of T 1 as sum of two S-units. From (24), (19) and (26) we obtain that
; therefore v 7 v 2 and so
From (24), (22) 0 holds. Now we use the previous lemma to prove that the set {P i r , . . . , P i 1 , P −1 } of all points P − j of orbit (7) such that x − j R S x − j+1 R S is finite. More precisely we have that r ≤ 3 + 2 1031·|S| . Indeed, if such five points do no exist we have finish; otherwise for every index i r−2 < i t ≤ i 1 we apply the previous lemma with n 1 = −1, n 2 = i t , n 3 = i r−2 , n 4 = i r−1 , n 5 = i r obtaining that x −1 x −1 i t = uT where T ∈ T (the set chosen in Remark 2) and u is a suitable S-unit. Therefore
In this way we have proved that r is bounded by 3 + |T|. Now it is easy to see that it is possible to choose as bound b for the length of orbits of type (7) 5 + 2 1031·|S| 3 · 7 4|S| + 1 < 2 1045|S| .
Recall that actually we study finite orbits for rational maps with good reduction outside S . Hence we can use the bound (3) with t = s − 1, since in S there are at most s − 1 prime ideals. Considering that 2s ≥ [K : Q], we can choose c(s, h S ) = 2 1045|S| 12(s + 1) log(5(s + 1)) 8s .
Now the proof is finished since |S| ≤ s + h S − 1.
